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ON THE MOTION OF A RIGID STAMP ALONG THE BOUNDARY
OF AN ORTHOTROPIC VISCOELASTIC HALF-PLANE™

A.A. SHMATKOVA

There are investigated the contact stresses under a rigid stamp moving at a constant
velocity along the boundary of an orthotropic viscoelastic half-plane. The problem
reduces to solving a singular integral equation whose kernel is represented in the
form of the sum of Cauchy-type singularities and a certain regular function. By
using Chebyshev polynomials, a solution is constructed for this integral equation.
The particular case when only shear creep holds is examined as an illustration.

1. Formulation of the problem. We consider the plane problem of motion of a stamp
on which a force acts that is the resultant of the pressure existing at the contact area. Let
the stamp move over the boundary of the half-plane at a certain given constant velocity w.,We
shall consider there to be no friction forces between the stamp and the viscoelastic body, and
the dimensions of the contact area are given. In the case of arbitrary viscoelastic anisotropy,
the problem can be solved by the same method, however quite awkward expressions result, con-
sequently we limit ourselves to the consideration of an orthotropic viscoelastic body.

The equations relating the strain and stress components in a moving coordinate systemwill
be /1/

tr—=El0,+ | 0.Kn(@—8)dt — vE'0,— { o,Kn(z—8)dt (1.1)
ey=—vE0, — § 0. Kio(z—8)dE + Elo, + § 0 Kan(z— E)dk

x

V=20 + v Bty 4+ § 1o Ka(z—B)dE

Kjz—=5 =K lwt—7 (i,j=1,2,3)

To obtain the complete system of equations, the equilibrium equations and relationships
connecting the strain components to the displacements /1/ must also be written down (we neglect
inertial forces in the case under consideration).

Because there are no friction forces between the stamp and the viscoelastic body, the
tangential forces on the boundary of the viscoelastic half-plane are zero: Ty = 0. we shall
assume the surface of the body outside the stamp to be force-free o, = 0. We consider that o, =
const on the section under the stamp.

2. Finding the Green's function. The equilibrium conditions will be satisfied if
the stress function ¢ (z,¥) is introduced. Taking into account (1.1), and the compatibility
condition, and performing a number of manipulations, we obtain
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We seek the solution of (2.1) in the form
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@ (z, y) = exp (ifz) ¥ () (2.2)

We obtain an ordinary differential equation with constant coefficients in the function
AP () + BY () + Cp (1) =0 . o)
A =E1+ Ky* (iB), €= p1E™ + Kyp* (D) :
B==B?[— 2B\ + K1s* (iB) + Koa* (iB) — Kans* (iP)]

¥ (y)

Ky ()= Ky (S exp(—pS)dS  (hj=123)
0

(§ =2z —2% is a new independent variable).

All the roots of the corresponding characteristic equation are distinct, hence the solu-
tion of (2.3) has the form

4
. 2 12 a1/)2
Vo) =Y, Cexplky) =t [ RG] (2.4)

j=t1
Using the boundary conditions, we determine the coefficients
C,=Cp=0, Cy="kJki—ky), Ci= eyl (ke — ko) (2.5)

and we furthermore obtain
ky = B_exp (—/5id,~A4,7Y), k¢ = —B, exp (—Y4iA.4,,7Y)
Bi = (141i2 + Az:t2)‘/‘, Alj: = F sin n j: D sin a
Ay =Fcosm +Dcosa

D=L (R B + (B @Y
F= B0 (1~ 2E7 4 Ra* () + [RY* @)Y
@={[E" 4 Ru* (B)I* + (R B

(2.6)

_ e REG) ___EBe @)
TRIY® B A RSE VT T FRAG) B RES ()

Ri* ()= Ki;(S)cospSas, RE @)= | Ki;(S)sinpsas

° 0
K1 (S) = — 4E7 [K11 (S) + 2K15(S) + Koa () — Ka (S)] —
2 [Kgg™(S) — K32 (S) + K1a®*(S5) + 2K1 (5)] +
K332 (S) + K333 (S) -+ K12'2(S)
K, (S) = Ky (S) + Ky (S) — K3 (5)
where K;y1'(S), for instance, has the following construction:

S
Kt (8) = § Kn (8) Kxa (S —5)ds

]

Taking account of (2.4)— (2.6) and extracting the real part, we obtain an expression for
the stress function from (2.2)

@@y =°§ P((B,y)cosprdp — 05? Py (B, y) sin Pz dp
b 0
(o) — 2o (= ) [ (o 7o — { G} =10 ]+
exp (— Tsy) [% {E?;} Ty~ {Zf;} (Tay + Ts)]}
M=RB?+4B2—2B B cosTs, Ty="), (A1+A2_~: — A4;_A7)
T TN R

By knowing the stress function ¢ (Z, ¥) the stress components 0y, Oy, Ty can be determined;
then by using the relationship between the strain components and the stress components for a
viscoelastic body, we find e, &, Vs , and finally, determine the displacements z and v. Thus
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u(z)|,=0=°§ps(ﬁ)cosﬁzdﬁ+ { Py(B)sinpzdp (2.7
0 [

Py(B)=[vE™ + Ras* ()] Q1 (B) — B2 (B) Q2 (B) —
[E™ + Ria* ()] Qs (B) + RiZ (B) Qu (B)
Py(B)=R3 (B) Qs (B) + [VE™ + Ro*(B)1 Q2 (B) — R (B) Qs (B) — [E™* + Ru*(B)] Q: ()

@ =SaG.wdy, 1=1,....4
0

The polynomials ¢ (B, y) are sufficiently awkward in the general case. Let us present the
expression for one of them

afy)= *—B {GXP(—- T1y) L ': (2T1T 5 sin Toy +

(T — Tg"‘) cos T'ay) — (T1* — Ta®) cos (Toy — T5) —
27T, sin (Tqy — T,,)] + exp(— Tgp) [g;: (2TsTusin Toy +
(Ts* — T'4®) cos Toy) — (Ts* — T cos (Tay -+ Ts)—
27sTusin (Tay + T4) |}

In order to extract the singular component out of the Green's function later, let us
present the solution of the problem of a moving stamp acting on the boundary of and elastic half-
plane in the formof a Fourier integral. The stress function will have the following form

¢* (2 y) = — | exp(—By)B (1 + By) cospz dp (2.8)
[}

The displacement component v* (r) can be represented thus:

V*(2) lpmo=— £ § § [(1 = %)+ (1 + v) py] x exp(— py) cos prdy dp (2.9)
00
3. Transformation of the Fourier integrals. We consider the difference

I @)= v (2) lrmo — C°0* (2) lomo

o

C°=Li_1£{§ Py () cos rdf [§ Lok dﬁ]_l}

Taking account of (2.7) and (2.9), we will have

I@)= 5 {C"E‘Sm—v)ﬂi +v)Bylexp (— Bu)dy + Ps(®)} cospadp -+ | Pu(p)sinpzdp (.1

The integrands in (3.1) enclosed in the braces are regular functions. Denoting the first
integral in (3.1) by 1, (z) and the second by I, (z), we represent them as series of Chebyshev
polynomials of the second kind U, (z) (T, (x) are Chebyshev polynomials of the first kind)

h@)= 3 alal@. L= i @)y an= =\ 11(2) Tn(@) (1 — %) dz,
~1
1
b= % S I (2) Ty (2) (1 — 2% dz (T, () = cos n arccos z, U, (z) = sin n arccos z)
-1

We use the notation 0 = arccos . Differentiating this equality with respect to r and tak-
ing into account that /2/

H e
S cos (B cos 8) cos n0d0 = m cos "Tn I (B)

0

where J, (B) is the Bessel function, we obtain the following relationships for the coefficients
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a, and bﬁ

an=2cos 5= {{CB {11 =)+ (1 + ) Bulexp (— By)dy + Py (B)} /., (B)dp
0 v

b, ==2sin 2% {

-

PyB)Jn (B)dp

We finally have for the displacements VU (%) |y=o

v () ymo = — 2CE” S —GOSBB’: ap - Z‘ 2 cos"T’t sinn arccosz X (3.2)

b
§ [ B (ﬁ)] J.(B)dB + 2 2 sm— sinn arccosz g P (B)J,.(B)dp

0 n=l

4, Solution of the singular integral equation. The question of determining the
contact stresses under a stamp moving at a certain constant velocity along the boundary of a
viscoelastic half-plane can be reduced to the solution of the singular integral eqguation

v _
9T ly=0

{ POK(@E—BE (4.1)
(L=E @), PE=0,@)|pmy z=z/a, E=E/0)

Here Z,—E are new independent variables (we later omit the upper bar), |z | < a is the con-

tact area which is considered given in the case under consideration. The kernel of the integral
equation (4.1) has the form

K(z—a—HeSexpnﬁ(z—gn[ oxp (k) + o exp (k)] | b= g1 - K* e

3

since K* (r — &) is a regular function, we represent it as the sum of a product of poly-
nomials P, (z) by the Chebyshev polynomials T, (&):

K*(z — §)=1§0Pn(x) T,

To determine P, (z) we use the property of orthogonality of the Chebyshev polynomials, then

Pu@)=§ K*@ 8T @1 —E)y"hat

We seek the function characterizing the contact stress P () in the form of the series

PE=3 AT, Q-8

We will thus have
) 1
v=o=,;,A" S & (:;' aix.+2 S

Let us transform the integral under the first summation sign in (4.2). We introduce the
notation « = cos ¢ and then according to /2/

v
oz

E,),,, ZP (#) T (B (@.2)

1
T (€) gz sinng __ o,
S (1152\‘/»: E—z = sin @ _TT" (@)
= ‘

Taking into account the orthogonality of the Chebyshev polynomials, we will have

dv
oz

iA 2r, (z)+ZA 2P (@) + AsPol)

n=1

y=0
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If the quantity (dv/dx)|,—o can be expanded in derivatives of the Chebyshev polynomials

ZBT @) + ZBT @

n=0 n==k-}-1

then we obtain two systems of algebraic equations to find the coefficients A,

ZB Ty (x)“ZA —T (I)+ZA ——P (z) + AptPo(z) {4.3)
A=l n=)
BT, (z}= Ay T, ()

Equating terms in identical powers of z, we obtain k equations with } unknowns 4,. For
n>k the remaining coefficients A, are found from the relationship A, = B, n/x.

5. Example. To illustrate the general method of solving the problem, we examine the
particular case when only shear creep holds. It has been shown /3/ that on the basis of
numerous experimental investigations materials of the type AG-4S or SVAM can be considered as
an elastically orthotropic body with shear creep. This permits writing the relationships be-
tween the strain and stress components in the following form

8, = E-Ic:— vS"lcv, g, = E*lcv — vE-k::
t
ey =2 (1 +v) Blr + S T Kt =) dv

Using the deductions obtained above, we represent the expression for the stress function

in the form
o« o«

@z )= SPl (B: v) cos Bzdﬁ+S Py (B, y) sin pa dp
0 0

where the polynomials P; (B, %) and P; (B, 5) have the form indicated in Sect.2, and according to

the conditions presented above, the guantities therein are
D = 3,EB (e + 1), F = BB (% + XD o= paller N=—%sAa

uy _ ¢ 45—1+SK(S—s)a’s K{(S) sin psds
{at -

Yo = S K (S)sinpSdS, = 2E1+ S K () cos S dS

By having a specific express:.on for the kernel K (S) and performing the computations pre-
sented in the paper in sequence, we £ind:0Ox, Oy, Tay, &, &y Yaus ¥ ¥

Remark. Existing test data /1/ permit the assertion that the volume strain is purely
elastic in many cases, and there is no volume aftereffect. We require the volume compression
operator to be constant. Moreover, by considering the viscoelastic body isotropic, we obtain
Ey* = Kg* = Ky* = Y Kss* = K*.

Taking all the abowve into account, we write the relation between the strain and stress
components. According to (2.1}, we form an equation for the stress function. By seeking the
solution in the form (2.2), we arrive at a differential equation of the form (2.3). The roots
of the corresponding characteristic equation are k; =k, = —B, i.e., the problem is reduced to
the corresponding problem for an elastic half-plane.
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